INTERPOLATING MANIFOLDS FOR KNOTS
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1. INTERPOLATING MANIFOLD
19640 ONeuwirth 0 OO0 O00OO0O0O

Conjecture 1.1. ([18], [19, Problems B]) The fundamental group of the comple-
ment of a non-trivial knot in the 3-sphere is a non-trivial free product with amal-
gamation, and the amalgamating subgroup is free.

00000 Cullerd Shalen OOOOODOCOO

Theorem 1.2. ([5]) The exterior of a non-trivial knot contains an essential sepa-
rating properly embedded surface which has non-empty boundary.

000 OConjecture 1.1. 00000000 ONeuwirth O O OO0O00O0O0O0O0O0O
goo

Conjecture 1.3. ([18]) Let K be a knot in S3. Then there exists a closed manifold
S in S3 satysfying the following conditions:

1. SO K;

2. S — K is connected;

3. S — E(K) is essential in E(K).

Remark 1.4. 30000000000 “mi(S—K) is injected isomorphically into the
fundamental group of each component of S —S” 0000000

Conjecture 1.3.0 0000000000 0O0Neuwwirth D OO OOOOO0O

“A closed 2-manifold S C S is called an interpolating manifold for a knot K if
S DO K and K does not generate a non-trivial direct summand of the first homology
group of the closure of either component of S — S.”

000 knot O interpolating manifold D00 000000000 OCOOCOOOK
O Seifert surface 0 FOOOOON(F)O SOOD0O0OO00O0O0OO0SODKOOOOK
0S3-5S000000000000 00 homologous 1000000080 KO
interpolating manifold 0000000000000 O000O0O

“The interpolating genus of K, denoted gy, is the smallest integer g; such that
K may be interpolated by a manifold of genus g;.”
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gr=0000000000000 KO trivial 0000000 D Otorus knot O
gr=100000000000000:0

gr < 2g

O0000O0ONeuwwirthDOOOOOOOOOOOOOOODOOOConjecture 1.3 00
gbooboooobood

Theorem 1.5. ([18]) If g1 < 2g then Conjecture 1.3 is true. That is, there exists
a closed 2-manifold S in S3 such that S O K, S— K is connected, and w1 (S — K) is
injected isomorphically into the fundamental group of the closure of each component
of S — S, so that w1 (S® — K) = A ¢ B non-trivially and C is free.

Remark 1.6. Theorem 1.50 00000000000 genusOD ¢, 0000 SO S—K
0 connected 0 00 Conjecture 1.30 000000000000 O0OCODODO

2. PROPERTY @

19700 0Simon 0 00O COCODODO

“A knot K in S® has property @ if there exists a closed 2-manifold S in S® such
that
1. KcCS.
2. S — K is connected.
3. If A, B are the closures of the complementary domains of S, then Hy(A, S—K)
and Hy(B,S — K) are nontrivial.”

0000000000000 000S — K O connected 00O O interpolating
manifold SO KOOOOOOOOOOOO

KOO SO00000000000O0SNE(K) O boundary sloped vO0000O
O000O0OK O property @ OOOOOOK O property QD O0O0O000 |y >3
gooooooood

Property Q* 0 Property PO OOOO0OOOOO0ODOOOOOOOOOK O Prop-
erty POOOOOOKOOOOOOOOOOO DehnsurgeryD 0000000 300
000000000000 00 (3]0 Lickorish [14]0 000000 closed, orientable
3-manifold 0 S* 00 linkO 000 Dehnsurgery 0 000 00000000000
OO0OPoincaré D00 [21|0000 20000000000000000O0O0DO0OO0O
goooooo

Conjecture 2.1. S2 00000 knot O property PO OO0

Conjecture 2.2. 000 homotopy 3-sphere 0 S® D000 knot D000 Dehn
surgery O OO0 OO

Simon O property @* 0 property PO DO O0OD0OOOOOODO
Theorem 2.3. ([24]) If K is a knot with property Q*, then K has property P.

Property Q, Q* 00 000000000000 OC00OSImon0O0O0OO0CODOO
oobooooooon

“A knot K in S® has property Q** if there exists a closed surface S in S3 such
that
(a) K CS;
(b) S — K is connected;
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(¢) If A, B are the closures of the complements of S, then 7 (A)/i.m (S — K),
m1(B)/ism1 (S — K) are nontrivial.
(**) If ~ is the boundary slope of SN E(K), then |y| > 8.7

0ooooo(yoooOoUoUoOoOO0O00O0O00OODOODoOoUoOOo
ooooooog

Theorem 2.4. ([24]) If K has property Q**, then K has property P.

Remark 2.5. Theorem 2.3 00 Theorem 2400000 0 O K O property @ 00
Q*O000000Ocyclicsurgery 0000000000000 O0O0OOOOOOODO
oooooooo

Remark 2.6. property @* 00 Q** 0 linkO0OOO0O0OOODOOOOknot O Dehn
surgery 0 0 00 Poincarée 0 00 000000 OConjecture 2.1 0 22000000
OO0 Olink0 Property PO OODOOOOOOO OConjecture 2200000000
OO00oooooooooogoo

3. INTERPOLATING MANIFOLD AND PROPERTY ()

1971 0 OSimon O [25] O interpolating manifold O property QD 0000000
000 OK O interpolating manifold S O nontriviel 0 0 000 O0S—K O connected
goooood

S0 S300 knot K O non-separating 0 0 O closed 2-manifold of genus n > 1
O00AO SO complementary domain O closure 0 00 0O

Theorem 3.1. ([25]) K € pHi(A) for some prime p € Z iff there exists a homo-
morphism of H1(A,S — K) onto Z,. In particular, K generates a free factor of
Hy(A) iff Hi(A,S— K)=0.

gboooboobooboooooon

Corollary 3.2. A knot K has a nontrivial interpolating manifold iff K has prop-
erty Q.

Theorem 2300000000000

Corollary 3.3. If a knot K has a nontrivial interpolating manifold S such that a
boundary slope of SNE(K) is not 0, a generator, or twice a generator in Hq(S®—K),
then K has Property P.

4. ALTERNATING KNOT

1956 0 0 Aumann O alternating knot complement [0 asphericity 0 00 0 000
ooDooooood

K O alternating knotO0 K 0 K O alternating diagram 0 0 O O K O simple
closed curve O 0 O 0 0O O O O checkerboard coloring0 0 000 O 200 surface O
0000000 non-orientable 0000000000000 FOOOOS =9N(F)
000O0DOSO000 KOOODOOOOODOODOOOOF O non-orientable O O
O000O0O0OK O SO non-separating loop O 0O O O

Theorem 4.1. ([1]) S — K is incompressible in S° — K.

F O MobiusbandOOO KO (2n)-torusknot 00000 OSNE(K)O E(
O O-incompressible 00 0000S O genus0 10000000SNE(K)O E(

= A

)
)
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O incompressible 0 00 O d-incompressible 0 0 00 0000000000000
000 0OConjecture 1.3 0000000000000

Aumann 0000000000000000000K O S*00 knotOF O S3
00 closed surface 00000000 OK O alternating with respect to F 0000
O Oprojection 7 : F x [-1,1] = FOOOO F O w(K)O alternating diagram O
00000 KO F O neighborhood F x [-1,1] O isotop D000 O0O0O00OOO
OO0F 00 diagram 7(K) O prime00000 Ox(K) O crossing0 00 2000
OO0 FOOOOO simple closed curve yOOO OO0 «(K)O 100 arcO00O0O
0000 diskd FOO boundOOOOOOOO

Theorem 4.2. Let K be an alternating knot with respect to F'. Suppose that K has
a prime alternating diagram w(K) on F. Then, there exist a closed surface R in
F x [=1,1] and an isotopy of K so that R D K, R— K is connected, incompressible
in S® — K, and R bounds a handlebody in F x [—1,1].

00000000 Onon-orientable checkerboard surface O twisted I-bundle O
00000000 ROODOOR-KO S2—K OO incompressible 1000000
00000000 Otwisted I-bundle 00 O m-injective 0 00000000000
0000000000000 000000 compressible d 00 O Ocompressing disk
000000 checkerboard surface 0000000000000 “0O00”0000
compressing disk 0 outermost arc 0 bound O 0O outermost disk 0 00O diagram
00000 Oprimeness 0000 loop0O00OO0O

trivial knot exterior 0 O essential surface 0 meiridian disk 00 0 0O 00 O OThe-
orem 4.1 0 alternating knot 0 non-triviality 0 0 0000000000 ODOCODO
000000 O “knot complement O O closed surface O O O O non-triviality” O
Theorem 4.20 0 00 00O [13, Corollary 4]

knot exterior E(K) OO properly embedded surface FO free0 0000 OE(K)—
intN(F)0O handlebody 00O OO0O0OOOOFO E(K)OO non-planar essential
free surface0y 0 F'0 boundary slope0 0000000 OK O OOO ~-Dehn surgery
00000300000 K(v)0O irreducible 0 OF0 FOODOOODODDOODO
0 closed surface 0 0000 O0F O K(y) 00 incompressible 0 000000000
000 [22], [4)0 Theorem 420 00000000000 S*0000000000
0 O Theorem 4.20 F O closed orientable 3-manifold 0 Heegaard surface 00 0O K
0 F OO prime alternating diagram 0 00 knot 0000 0000000000 DOO

Corollary 4.3. Let M be a closed orientable 3-manifold. If Hi (M) = 0, then there
exist a knot K in M and a slope v such that M(vy) is a Haken manifold.

000000 Hy(M)=000[400000000000000

Remark 4.4. [26, Theorem 20000 M O fibered knot K 0 00O0K OOOO
non-trivial Dehn surgery 0 Haken, hyperbolic 3-manifold 0 000 0000000
gobouboboooooooboon

Delman O Roberts 0 O alternating knot 0 property PO 00O 00O lamination
00000000000 R@IUODO0O0OOOTheorem4.10 SOOO0O0O0OOOO
0000000000 alternating knot 0 000 00000 OO0 Oproperty Q@0 O
0OOooooooooon

5. PRIMITIVE—SEIFERT-FIBERED CONSTRUNTION

00000 Oclosed surface 0 “O00000000knot00000000O0DO0 OO
00000000 knotODOOODO
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V' O genus two handlebody OO OK O oV OO0 OO0 knotDO0OOO0O0OO0O
KO VDOOOO primitivd resp. Seifert-fibered00 0000 0K OODOO HO 2-
handle 0 00 00O O solid torud] resp. a Seifert fibered manifold over the disk with
at most two exceptional fibers00 000 00 000 00O [2], [7], 16| (F;V, V') O
S3 0 genus two Heegaard splitting 00 O K O genus two Heegaard surface F 0
00000000000 0000K O primitive/ primitivdd resp. primitive/ Seifert-
fiberedOOOOOOOK O V,V/ 0000000 primitivedd resp. V OO0 O prim-
itiveO O VOO0 O Seifert-fibered 0000000000 OFNE(K) O boundary
slope0 KO FOOOO surface slope 0000 [16][~(F; K)ODOOO

K 0000 slope yv(F;K) Dehn surgery 00000 300000 K(y(F;K))
0 (V Uk 2 — handle) U (V! Ug 2 — handle) 00 00000000000K O
primitive/primitive 0 00 K (v(F; K)) O lens spac& [2] [Mprimitive/Seifert-fibered
00O small Seifert fibered manifold OO connected sum of two lens spacesd [7]0
oooo

goooooooooooo

Conjecture 5.1. ([2]) If a non-trivial Dehn surgery yields a lens space, then K is
a primitive/ primitive knot and the surgery slope is the surface slope.

Conjecture 5.2. ([7]) If a non-trivial Dehn surgery yields a Seifert fibered man-
ifold other than a lens space, then K is a primitive/ Seifert-fibered knot and the
surgery slope is the surface slope.

Primitive/primitive knot, primitive/Seifert-fibered knot D 0O 0000000
00000 0OBerge knot, Dean knot 000000000000 knot O OO tunnel
number one knot 0000000 OK O tunnel number one knot 00000 OE(K)
O genus two Heegaard splitting 0 0000000000000 OFE(K) O Heegaard
splitting 0 genus 000000 10000000 KO tunnel number 00 O O¢(K)
good

tunnel number 0 Dehn surgery 0000 00000000000 OODOCOOO
ogo

Proposition 5.3. For any slope v, g(K(vy)) < t(K)+ 1.

000 O0Gordon O Luecke O O O non-trivial knot 00 non-trivial Dehn surgery O
0S0000000000000000 [11])000 Onon-trivial knot K 0 v # oo
000000 1<g(K(y)DOOODODODOOOOO Utunnel number0 000000
knot 0 0 00O Dehn surgery O lens space 0 D00 000 00 OO O Berge knot O
oo0o0doDOOo0oooooooooooogoogoon

(F;V,W)DO S0 genus n Heegaard splitting 00 O {v1,---, vy}, {w, -+ ,wy}
obo0o0o0 vV, WO complete meridian disk system 0 00 Oknot KO FOODODO
00000000000 00K O FOOOO primétive/ primitive 0 0000 OK O
v U---Uodv, O OwiU---Udw, 00000 10000000000000Berge
knot DD 000000 0OO0OK((y(F;K)00O00 ¢g—10000000000 Berge
OO00o0oooooooooUooooooooogon

Conjecture 5.4. If 1 < g(K(y)) < t(K) + 1, then there exists a genus t(K) + 1
Heegaard splitting (F;V,W) of S such that K C F, K is primitive/primitive
with respect to F', and v is the surface slope of K with respect to F. Moreover,
9(K (7)) = t(K).

0000000 OMoriah O RubinsteinO 00000000 OO0O0OCODO
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M O finite volume OO d ordered cusps ci1,---,cq O OO orientable complete
hyperbolic 3-manifold 0 OO0 O M O OM O Dehn surgery 00 00000000
manifold 00 00000000000q¢=(q1,-+,q4) € Q4000 0M,0i000
cusp 0 g;-surgery 00 0000 0 manifold 0 000 OM = {M,l¢ge Q¢} 0000

Theorem 5.5. ([17, Thorem 0.1 a)]) There is a d-tuple of integers (Ny,---,Ng)
defining a sub-collection M’ of M by M’ = {My € M|max(|ps|,|ri|) > N;,i =
1,---,d} and a finite collection of surfaces %1, -+ , X, embedded in M so that every
irreducible Heegaard splitting surface of genus less than or equal to g of manifolds
M, € M’ is isotopic to one of the %;.

0000g =pi/ri i=1,---,d)00 0g0 MO Heegaard genus 0 00000
gooon

6. ADDENDUM

O0000dTheorem 12000 00000000000 000O0OOOOOOODOO

Theorem 1.2 0 O Oknot exterior 0 O essential separating surface J OO0 0 0O
00000000000 0B)00 Otorus knot OO cable knot 000 knot 0 00O
000000 boundary slope0 00000 O0D0ODOODODOOO Oboundary slope O
000000000000 00000000OBK Cc QU{cc} O knot K O exterior
OO0D0OD0O0O essential surface 0 boundary slope 00 00000 00O O O Hatcher
O000OBKOOUOOOOOUOOOOODOOOO(120000U0O0DO0Oooooo
00 00BK O diameter, diamBK 00 0000 slope0 0000 sloped 000
0000000000000 e BKOOOO OdiamBK =co0000000000
Theorem 1.20 OdiemBK #0000000000000000000 OCullerO
ShalenO0 000000 non-trivial knot K 0 00 OdiemBK >200000000
00000 (6, Corollary 1.7)00 O O O Dunfield O O hyperbolic knot K 0 00 00O
O diemBK =2000 0000000000 sloped 00 non-integral 1 0 000
oooooooem

knot KO small0 0000 OK O exterior E(K) 00O essetial closed surface O
00000000 DO00Property PO knot small0 0000000 OOOO Onon-
small 0 0 000 00 Oessential closed surface 0 OF(K)0O O OO essential annulus
0000000000000 surface O accidental surfaced 0 0 000 O annulus
O accidental annulus O O 00 [13]00 accidental annulus O boundary 00 00 O
slope0 0000000O0D0DOODOODOOODODO accidental annulus O sloped O
accidental surface O sloped 00 00 [13]D0 0 O accidental sloped O O Daccidental
surface d 00 0 000 Omeridional slope 0 00000000000 O0O0OOOOO
000 0O 0 Onon-meridional slope 0 00 O accidental surface O accidental slope O O
O integer 000000 Cullerd GordonO LuckeO 0O O Shalen 00000000
00 [4, Lemma 2.5.3] [0

00 0000 non-trivial Dehn surgery 00 Oessential closed surface d incompress-
ibleD 00 OO0 knotd Property PO OO DOOOOOODO OWul Oessential, not
accidental closed surface 0 00 0 000300 sloped 00 O OO ODehn surgery
O compressible 0 D000 000000000 [28)0 00 O accidental surface 0 O
000000 OMenascod 200 non-parallel accidental annuli0 OO0 DO OO0 O
0O accidental surface 0 O O O non-trivial Dehn surgery 0 OO0 O Oincompressible
00000000000 (150000 O0Menasco 0 meridional slope 000000
0000000 Onon-meridional 0 O O O accidental annulus 0 00000000
O [13, Theorem 10 OO0 O O O O meridional slope O accidental annulus O O O
OO accidental surface 0 0000 O000D00O knot class0 000 0000 integral
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slope Dehn surgery 0 compressible D0 00000000 WuOOODOOOOO
00 [29]0 00 OMenascoD D0 0000 00O 0O OO Onon-integral slope 0 00O
OO0 D00 incompressibility 0 0 00 00 OO O O integral accidental slope v O OO
accidental surface 0 0 0 0O O O4’-Dehn surgery O 0 compressible 0 0 000 00O
O00O000OA(y,y) <1000000 OCullerdGordonOLuckeOd OO O Shalen O
00O00O0o0Oo0g [4, Theorem 2.4.3]

OO0 Osmall knot 0000 ODunfield0 00000000

Theorem 6.1. ([9, Theorem 4.1]) Suppose K is a small hyperbolic knot in a ho-
motopy sphere which has a mon-trivial cyclic surgery slope ~v. Then there is an
essential surface in the exterior of K whose boundary slope is non-integral and lies
n(r—1,r4+1).

ugbooooboooooood

Corollary 6.2. (]9, Corollary 1.1]) If a small knot in a homotopy sphere has only
integral boundary slopes, then it has Property P.

000 OProperty PO smalld non-small0 000000 00O 0O O Oessential, not
accidental surface 0 00 O 0 Omeridional slope O O O accidental surface 0 accidental
annulus0 00000000 OO0 Onon-integral slope O essential surface 0 exterior
000 smallknot 00000000 OODOOO Onon-integral slope 0 0 O essential
surface F'0 not strongly essentiall 00 O 09(E(K)—intN(F))0 E(K)—intN(F)
00000000 compressible00 0 0000000000000 ODOOOODOOO
000000 (13, Corollary 1]
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