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o 000 < Vzxq, Vo € X,
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F. Waldhausen, On irredubible 3-manifolds which are sufficiently

large, Ann. of Math. 87 (1968) 56-88.
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1. Surface
e Embedded surface, Immersed surface
e Branched surface
e Lamination
e Foliation
2. Structure
e Foliation
e Contact structure
e Hyperbolic structure
3. Geometric Knot Theory
e Energy
e Ideal knot
e Polygonal Knot
e Quadrisecant, Tritangent Plane
e Ropelength, Thickness
4. Riemannian geometry
e Total curvature
e Ricci Flow

N
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M. Ozawa, Essential state surfaces for knots and links,

math.GT /0609166



o UL OOUDUL

-

S

bbbttt bodbggobon
oo oogododogogn
Joboodboooogooooudgooodot
Jutbotdotdooggoootobogboobobod
Jogoobodoboodoooododogogd
oot oogd

bbb bgogobtgbogd
oottt b bt
oo ooooooobobododoogn



p 00 N
1. 00ooodgo
() DO OO0DOOCO
(b) D0O0OD0ODODO0OO000O00O0DODO0O0O000
[ [
(c) 00000 ConwaydODOOOQO4QoonoO
2. 00000
() DOODO0DOOODOO
(b) DOO0ODODOO0OD0OOOO0
(c) Seifert0 000000
(d) DooOooooO
(e) DDDDOCO
(f) DehnO0O
3. Morsell 00 0 HeegaardJ [J
(a) Thin position
(b) Braid presentation
(c) Unknotting tunnel
(Heegaard splitting of knot exterior)
(d) Fibered knot
(Circle valued Morse theory)
4. Diagram
(a) alternating knot
(b) positive knot

\ (c) o-adequate & o-homogeneous knot
J




1. J0odoooon

() 00000000

000 Gordon-Lueckel
(E(Kl) = E(KQ) < Kl = KQ ‘]

S300 non-trivial knot KO OO O OE(K)O S30
0000000000000 0000000O
OO0OO0E(K)D S*0000000oooooono
0000000000000 0O0O0Oooooo

Joddoodoooooooooooooooonoa
OO0O0000000 planar surface P,QUO O OO0 O
OO0 00 Thin positionOD OO OO OPNQUOON
arcld PO O QU 0O essential 00O O

GpO all typesO OO0 DGQD Scharlemann cy-
cle0 00 OH{1(S3)0O torsion0 000 0830 lens
space summandd 0 d oo oooodogon

C. McA. Gordon and J. Luecke, Knots are determined by their
complements, J. Amer. Math. Soc. 2 (1989) 371-415.
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—— Oriented knot complement conjecture —
If K4 and K> are knots in a closed, ori-
ented 3-manifold M whose complements are
homeomorphic via an orientation-preserving
homeomorphism, then there exists an
orientation-preserving homeomorphism of M
taking K7 to Ko.

oot odooonod
Jooobobogdodboooboobogd

~—— 000 B. Mangum and T. Stanford——
L1, Lo : homologically trivial OO Brunnian
link

(E(L1) = E(L2) <= L1 = Lo

/

B. Mangum and T. Stanford, Brunnian links are determined by their

complements, Algebraic & Geometric Topology 1 (2001) 143-152.



(b)) DOODOoDOooDooDooOoooooooooD d

HpN

KOOOoOoooono
<~ 3T C S3 : unknotted torus, s.t. T O K

0

KOoOooooddd O
< dT C E(K) : essential torus

~— S3_KOOODO-1000000

000 W. Thurstonld
O000dodooooooooooogoooogod
OO0 o0o0odooooodd

0
[KDDDDDD
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(c)0DO00oono ConwaydOOOOOoQoonoO
Step 1 : DO0DFE(L)OD0OOOODOOOO
E(L) =(simple pieces)uU(Seifert pieces)

S30000D000000000N00DO0oO00onOd
0000 pieced S30000000 /000 E(L)O
000000

000 Seifert fiber space0 0 00O0O0O0O0O0O0O0O0O
000

G. Burde and K. Murasugi, Links and Seifert fiber spaces, Duke.
Math. J. 37 (1970) 89-93.

Step 2 : OO Osimple linkd Conway sphered O
OOt



~— 0 00 Bonahon and Siebenmannd——
VL C S3 : simple link,
3 c 83 : 2-manifold,
s.t.
1. FOOOOOO0OOOO0O Conway sphered [
D000 200000 ambient isotopic O
[ O
2. FO S3000D00000O0O 3-manifold O
000 NO Conway-simple O OO OMon-
tesinos pairt 0 0O O
3. FO000o0o0booboobooooug20000
0000

- P
-8 DEE-R
A A - Y A S A
_
a b
Montesinos pair

F. Bonahon and L. Siebenmann, Geometric splittings of knots and

Conway'’s algebraic knots, unpublished.



2. 00000
(a) 00DO000O000O00
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g 00 N
F C E(K)O free

«— FK)0FOOOOOOOOOoOO30000d
\DDDDDDDDDDD

A totally geodesic surface (for p > 3 and odd).




free0 00000OO0OO totally knotted O 0O O

g 00

F C E(K)DO totally knotted
«— F(K)O FOOODOOOOOO30000
kDI]I]DDDDDDD

FIGURE 4. A totally knotted Seifert surface which is totally geodesic.



g 00 |

K : alternating knot

F C E(K) : essential surface with non-
meridional boundary slope

x:> FO free )

FO free0OODODODOOOODODOE(K) — FOO
closed incompressible surfacel OO0 0O QOO0
OO0o0o00d

alternating knot complement OO closed incom-
pressible surfaceld meridionally compressiblel]
O 00 Osurfaced KO meridiand OO annulus

O00000 Onon-meridional boundary slopell

O O essential surfaced 00 00O O closed incom-
pressible surfaced O OO OO O

M. Ozawa, Essential free decompositions of knot exteriors,
http://www.komazawa-

u.ac.jp/ w3c/lecture/topology/pdf/efd.pdf



- 00 ~
K : knot
s.t. OO0 minimal genus Seifert surfacel
totally knotted
K’ : KOO crossing changeO OO0 O0QOQOO
knot

= 9(K) < g(K')

Conway triple (K, K',L)0000O00O

crossing changel O O genusO OO 0OO0OO0OO0OO0O O
KO LO minimal genus Seifert surface F'O SO O
FO Hopf bandO SO plumbingd O OO0 0OOO
00000

00000 FO totally knottedU O OO OO0 0o

M. Scharlemann and A. Thompson, Link genus and the Conway

moves, Comment. Math. Helvetici 64 (1989) 527-535.
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M : hyperbolic 3-manifold with finite volume
r <IsomT(H3) : DOOOOs.t. M =H3/r
H3 — M : universal covering

S C M : incompressible surface, # S2
S cH3: SO preimaged 0 0 component
SoooQ

OO0 08 : embedded
— § Cc H3 : embedded plane

A(S) : limit point set0 0000 O
1. A(§) =51

2. A(S) # ST nor 52
3. A(5) = 52



totally geodesicll quasi-Fuchsian

- [0 00 Bonahon-Thurston[d

OO00o000oooooooo

1. quasi-Fuchsian

2. Al C S : loopd accidental parabolicd
s.t. (0O cuspUO freely homotopic

3. geometrically infinite

OO0 Thurstonld

30000
— MO Slooooooosonoo fiber




M : knot complement
S : closed = S0 geometrically infiniteO 0O 0O O

SO quasi-FuchsianO O OO
<= accidental parabolicl U OO
<— SO cuspUO 000 annulusO O OO

Theoreml J. D. Masters and X. Zhang[
Every hyperbolic knot complement contains
a closed quasi-Fuchsian surface.

- Corollary N
Suppose that M is a hyperbolic knot com-
plement. Then M contains a closed essen-
tial surface which remains essential in all but

kfinitely many Dehn fillings of M.

/

J. D. Masters and X. Zhang, Closed quasi-Fuchsian surfaces in

hyperbolic knot complements, math.GT /0601445, 2006



ASYDO H30DOODOOOoOoOOo
< S : totally geodesic (C quasi-Fuchsian)

- Conjectured Menasco-Reid ~N
A hyperbolic knot in the 3-sphere does not
have a closed, totally geodesic surface em-

Kbedded in its complement.
J

W. Menasco and A. Reid, Totally geodesic surfaces in hyperbolic

link complements, Topology '90, 1992.

- Theoremd C. J. LeiningerQd ~
For any even integer g > 2, there exists a
two component hyperbolic link in S3 which
contains an embedded totally geodesic sur-

kface of genus g in its complement.
J

C. J. Leininger, Small curvature surfaces in hyperbolic 3-manifolds,

math.GT /0409455, 2004
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N

surfaces.

Theoreml J. DeBlois]
There exist infinitely many hyperbolic knot
complements in rational homology spheres
containing closed embedded totally geodesic

\

/

J.

DeBlois, Totally geodesic

math.GT /0601561, 2006

Conjecture was solved for

e alternating knots

e double torus knots

e 3-bridge knots

e 4-braid knots

surfaces

and

homology,



(b) DO0O0OOO0DOD0DD0OODOO0

T heoremld Haken(]

-

0000 normal surface F'IO [0 fundamental nor-
mal surfacesO0 00 O000O0O0O {Fy,..
OJoooooood F=a1F1+---+anFp000

ot
N

L Fp) 00

~

FIGURE 1. Normal triangles and quadrilaterals



Regular Irregular

FIGURE 2. The Haken sum F + G

W. Haken, Teorie der Normalflaschen, Acta. Math. 105 (1961)
245-375.



- Theoreml R. T. Wilson[] ~
O 000 incompressible  Seifert  surfaces
{S1,...,S,} 00000 closed incompressible

surfaces {Q1,...,Qm} 000000000
incompressible Seifert surface SO Haken

sum
S=84+a1Q1+ -+ amQm (a1,...,am > 0)
KDDDDDDDD

- Corollarydd R. T. Wilson[ ~
Every knot with an infinite number of dis-
tinct incompressible Seifert surfaces contains
a closed incompressible surface in its comple-
kment.

J

R. T. Wilson, Knots with infinitely many incompressible Seifert

surfaces, math.GT /0604001, 2006



FIGURE 6. The Seifert surfaces Sy and S;

S1=Sy+FOODOODOO

O000S, = So+nFO00 00000 incompress-
ible Seifert surfacel OO OO






g 00 \
p/q € QU oo KO boundary slope
< dF C E(K) : essential surface,

\S't' OF 0 OFE(K)O slope p/q0 OO

BK : the set of all boundary slopes of K

Theoremd A. Hatcher[d
[BKD O0o0n J

A. Hatcher, On the boundary curves of incompressible surfaces,

Pacific J. Math. 99 (1982) 373-377.

A. Hatcher, Boundary curves of incompressible surfaces, TeX ver-

sion, 2004.



00000193000 00000 udoonn Seifert
Joooooodgognd

Theoreml L. Pontrjagin and F. Frankl
G 00 knot OO O OSeifert surface O O O DE]

OO0 knot KODOODODUOO e BKOOOOOOOO
O

Theoremd M. Culler and P. B. Shalenl
0 00 non-trivial knot exterior E(K)DOO OO
OO0 4000000 essential surfaced OO OO O

000 non-trivial knot KO OO OOBK —{0} # 0
0000000000

M. Culler and P. B. Shalen, Bounded, separating incompressible

surface in knot manifolds, Invent. Math. 84 (1984), 537-545.



co BKOOUOOBKOOOOOOODOOOOO
diamBK = (maximal slope) — (minimal slope)
Dodddoodoododnn

000 M. Culler and P. B. Shalenl
oco ¢ BKUOUOUOUOODOOODOOOO non-trivial
knot KOUOOOOdiamBK >20000

M. Culler and P. B. Shalen, Boundary slopes of knots, Comm.

Math. Helv. 74 (1999) 530-547



Theorem (Hatcher-Thurston)
2-bridge knot complementl O incompressible
surfacell O O

A. Hatcher and W. Thurston, Incompressible surfaces in 2-bridge

knot complements, Invent. Math. 79 (1985), 225-246.

Corollary (Hatcher-Thurston)
K : 2-bridge knot
Vv € BK L integer

- Theorem (Hatcher-Oertel)

Vp/q € QU oo,
4K : Montesinos knot

s.t. p/q € BK
N

J

A. Hatcher and U. Oertel, Boundary slopes for Montesinos knots,

Topology 28 (1989), 453.480.

Conjecture (Shimokawa)

K : alternating knot
Vv € BK U integer




(c) Seifert0 000000

0

000 000 Seifert surfacell minimal genus
Seifert surfacell 0 00O

000 D. Gabaill
[disk decomposable = minimal genus




00
SeifertU 000 0O0OOOOOO O Seifert surface
[1 canonical Seifert surfacell ] 0[]

0 O
alternating diagram OO 0OOOO canonical
Seifert surface O minimalld O O O

R. Crowell, Genus of alternating link types, Ann. of Math. 69
(1959) 258-275.

K. Murasugi, On the genus of the alternating knot I, II, J. Math.
Soc. Japan 10 (1958) 94-105, 235-248.

D. Gabai, Foliations and genera of links, Topology 23 (1984) 381-
394.



g 00 |

Seifert surfaced 0 {F;} (t € SHO O
1. 3 =U,cq1 By
2. F,NFs=K forany t # s € S1
OO0000000000000F:0O fiber surfacel
kKD fibered knot O OO

/

000 J. StallingsO
(fibration S3 - K =F x I/h0 unique0 00O }

J. Stallings, On fibering certain 3-manifolds, Top. 3-manifolds

Proc. (1961) 95-100.

00 Ofibered knotd incompressible Seifert sur-
facel fiber surfaceld O O 0O O Ofibered knotl in-
compressible Seifert surfaceJ 00 Q00 OOdnO



- Theorem (Gabai) N
Seifert0 0 FO F1O F>oO Murasugi sum F =
Fi«FFHO000000000

e 10 F>[ incompressible = F [ incom-
pressible
e 10 Fod minimal = FUO minimal

e F1 0O F>0 fibered = F'O fibered
J

D. Gabai, The Murasugi sum is a natural geometric operation,

Contemp. Math. Vol. 20 (1983) 131-143.

incompressibility O O O 0O O 0Onon-orientable
spanning surface0 O O0O0O0O0O0OO

Theorem (M. Ozawa)
[Flm F>0 mq-essential = F'[ w1-essential J

M. Ozawa, Essential state surfaces for Kknots and links,

math.GT /0609166



. 00 .
S c S3— K : closed surface

i S — S3— K : inclusion map

ix o H1(S) — H71(S3 — K) : induced homo-
morphism

Im(ix) = mZO0O00SO orderd o(S) = mO
\D O dg

- 000 M. Ozawal D
O0O0O00000
1. incompressible non-free Seifert surface F
000000
2. closed incompressible surface S C S3 K

OOo(S)=000000000000
N J

M. Ozawa, Synchronism of an incompressible non-free Seifert sur-
face for a knot and an algebraically split closed surface in the knot

complement, Proc. Amer. Math. Soc. 128 (2000) 919-922.



O000S. R. Fenley[
Any accidental Seifert surface is non-
minimal.

000 M. Ozawa and Y. Tsutsumill
Any accidental Seifert surface is totally knot-
ted.

ODO000000 MM 000 Ominimal genus, to-
tally knotted Seifert surfaceO OO0OO0O by
M.Hirasawall

~— 000 M. Ozawa and Y. Tsutsumill——
For any positive integer n, there exists a
genus one knot such that it bounds a non-
accidental, totally knotted Seifert surface of
\genus n.

J

S. R. Fenley, Quasi-Fuchsian Seifert surfaces, Math. Z. 228
(1998), 221-227.

M. Ozawa and Y. Tsutsumi, Totally knotted Seifert surfaces with
accidental peripherals, Proc. Amer. Math. Soc. 131 (2003)
3945-3954.



[1 [0 accidental Seifert surfacell 10 [

solid torus VO OO Oknot K’0O Seifert surface
So0 00000

So0 &V O OO annulus 0 AD DO OO
ON(Sp)DODO0O0nO0OO00DOO

annulus AOODODO O0S5;0 smoothingDOOOO S,
0000




00 0Kl composite knotd O O Ag, Ay, ..., An
[0 KoO decomposing sphere0 00000 E(Kp)
00 essential annulitl O O O

OD00O0VO E(Kgp)oooooo SgD A; 0000
Jotddgootdbotdobd

A

N R RNAN

v S PN il M. T %
o n o 1 S 0 S 1 S n

0000 Seifert surfaced 0SS = ON(Sp)D 0O O
00000000 »daccidental annulustO OO Od o
accidental 0O O O



crossing changel Seifert surface

- 0 O ~
K : non-split link
F . Seifert surface
FO taut <—
e F'1 incompressible
e F'0 homologous OO surfaceO OO OF O
maximal Euler characteristicl O [

D : crossing disk s.t. S3— D — KO irreducible
L =08D

M=253—-N(K)UN(L)

To = ON(L)

F : taut Seifert surface for K, FNL = ()

Ky @ LO +1 surgeryO O OO0 O link
OO00odoFO0O0ognonosg K_|_D Seifert surface
0000



- Theoremd D. Gabaill ~
L Dehn surgeryl 0 KOOOOOOOOO link
000 000000o0oouao
e Splitting sphere 00O 0O0OOOOO
e SOOI DOOM Euler characteristicd Seifert
surfaced 00O OO O

HREREEN

TheoremOd M. Scharlemann(
KO K, O0o0dodoood dnon-split linkD OF
(resp. S)0O taut Seifert surfaced 00O

D. Gabai, Foliations and the topology of 3-manifolds II, J. Diff.
Geom. 26 (1987) 557-614.

M. Scharlemann, Crossing changes, Chaos, Solitons, and Fractals,

9 (1998) 693-704.



Corollaryd Scharlemann - ThompsonO
unknotl crossing changel OO unknotl OO [
000000000 0Ocrossingd nugatoryd O O O

Proof.

K : unknot

D : crossing disk for K

F : taut Seifert surface for K, FNL = ()
FND=«:singlearcOO0OOOOOOOO0OO

00 FOdiskODOO ODOODOOOO arc 0000
[0 Ocrossing O nugatoryl O O O

FOdiskOOOOOO OFO KO taut Seifert sur-
faceO OO0 OO4dd Theorem OO OF O K_|_D taut
Seifert surfaced 0 O QOOdQOO DK_|_D unknot [
000



pretzel knot (3,+1,-3)0 00000000000
Problem O oriented knot OO O [

- Problem 1.580 X.-S. LinO N
KOO crossing changeD OO K'ODOODOOOO
0000 K £ K'ODODOODOOd crossingd nuga-

K’EOI’yD OO0

TheoremUd I. Torisull
[Q—bridge knot QOO OO OO J

TheoremO E. Kalfagiannill
[fibered knotOOQOooOoooOonO ]

I. Torisu, On nugatory crossings for knots, Topology Appl. 92
(1999) 119-1209.

E. Kalfagianni, Crossing changes of  fibered Kknots,

math.GT /0610440.



Conway triple

Vi(z) =V_(z) =2Vo(z)000

degV 4 (z), degV_(z), degzVo(z)00OO0O0O0O0O
00000

d1 = dp > d3

e~

Oood

E

~ 00 (M. Scharlemann and A. Thompson) —~

x(Ly), x(L-), x(Lo) —10000000000
00
X1 = x2 < X3
0000
\_ J

M. Scharlemann and A. Thompson, Link genus and the Conway
moves, Comment. Math. Helvetici 64 (1989) 527-535.
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I Lo

~ 00 (M. Scharlemann and A. Thompson) —~

X(L_|_) = x(Lg)—1 < x(L_)ODOO DL_I_D LoU
taut Seifert surfaces S’'0 SO 0S50 SO Hopf
kbandD plumbingD D O0OOO0O0OOOOO0OOOO

J

cn




(d) 00O

S cS3— K : closed incompressible surface

000 < KU split link

001 «<— KU satellite or composite link

- Theorem (H. Schubert) N
K : bridge position

S : incompressible tori

= KO bridge number0 0000 OS50 bridge
kpositionD isotopell O 0O O

/

H. Schubert, Uber eine numerische Knoteninvariante, Math. Z. 61

(1954) 245-288.

SchultensOD 0000000 OOOOOOOOO

J. Schultens, Additivity of bridge numbers of knots, Math. Proc.
of the Camb. Phil. Soc. 135 (2003) 539-544.



Theorem (A. Hatcher and W. Thurston)

2-bridge knot complementd O 0O closed in-
compressible surfaceO 0 OO OO O

A. Hatcher and W. Thurston, Incompressible surfaces in 2-bridge

knot complements, Invent. Math. 79 (1985), 225-246.

- Theorem (M. Ozawa) ~
K : 3-bridge link

S . genus two closed incompressible surface
=

N Y,

M. Ozawa, Closed incompressible surfaces of genus two in 3-bridge

knot complements , in preparation.



- Theorem (M. Ozawa) N

Let K be a double torus knot in S3. Then
K is a satellite knot if and only if it is either
(i) a cable knot of a tunnel number one
knot,
(i) K(o,B;p,q) or
(iil) K (Ho, K;p, )

J

M. Ozawa, Satellite double torus knots, J. Knot Theory and its
Ramifications 10 (2001), no. 1, 133—142.



FE(K)DOO essential closed surface0 0000000
0 0000F(K)DODO closed incompressible sur-
faced ON(K)0O isotopicO0 00 OKO smalld 00O
0000

- DO0O00ddOoonOonsmall knot ~
torus knot

2-bridge knot
Montesinos knot with length 3

. twisted torus knot with 2-string twisted
J

Problem
[small knot OO OO ]

Remark. Twisted torus knot T'(5,2;4,1)0 0O

Cable knot C(7(3,2);2,13)0 0000 Osmalld
HRERERE



Accidental surface
S c S3 - K : accidental closed surface

—— Theorem (K. Ichihara and M. Ozawa) —
accidental annulusO OO OO OO O Oboundary
sloped 00O0OOO0O
000 O non-meridional slopel 0O O O accidental

KannulusD OO0O00000

(000 Oaccidental closed surface SO OO O OS
[0 accidental slopel OO0 O OO

[CGLS]O Lemma 2.5.30 0 O Oaccidental slope
[0 meridionall integralld 0O O O

K. Ichihara and M. Ozawa, Accidental surfaces in knot comple-

ments, J. Knot Theory and its Ramifications 9 (2000), 725-733.

M. Culler, C. McA. Gordon, J. Luecke, and P. B. Shalen, Dehn
surgery on knots, Ann. of Math. 125 (1987) 237-300.



F C E(K) : essential surface with boundary

- 00 N
F strongly essential

«~— F(K)OFOOOOOOODODODOODOoOOod
KD O0O00O00000 o-irreducible

—— Theorem (K. Ichihara and M. Ozawa) —
O0O0O00000
e accidental slope ~ [0 accidental closed
surfaced 00O OO O
e boundary slope v strongly essential sur-
faceO O OO0O0O
KD 000000 surfaceld disjoint OO O O

Corollary (H. Matsuda)

strongly essential surfacell boundary slopell
meridionalld integral




— Theorem (M. Ozawa and Y. Tsutsumi) —
accidental essential surface with boundary
slope ~
= accidental closed incompressible surface

kwith accidental slope ~
J

Corollary (M. Ozawa and Y. Tsutsumi)

accidental essential surfacell boundary slope
0 meridionall integral

M. Ozawa and Y. Tsutsumi, Totally knotted Seifert surfaces with
accidental peripherals, Proc. Amer. Math. Soc. 131 (2003)
3945-3954.



Alternating knot and positive knot

- Theorem (W. Menasco) N
K : alternating knot

S Cc 83— K : closed incompressible surface
x:> 4D : meridional compressing disk for S

/

W. Menasco, Closed incompressible surfaces in alternating knot

and link complements, Topology 23 (1984) 37-44.

- Theorem (M. Ozawa) N
K : positive knot

S Cc S3— K : closed incompressible surface
= o(S) #0

M. Ozawa, Closed incompressible surfaces in the complements of

positive knots, Comment. Math. Helv. 77 (2002) 235-243.



~ Coiling Conjecture (Neuwirth Conjecture) ~

VK C S3 : knot
15 D K . closed surface
S.t.
e K is non-separating in S

e SNE(K) is essential
J

Remark.

m1-essential non-orientable spanning surface F
00000 knotd OO0 O(3,4)-torus knotOO OO
Do0O00o0S=oN(F)OOOO0Oooooooooon

L. Neuwirth, Interpolating manifolds for knots in S3, Topology Vol.2
(1964) 259-365.

M. Ozawa, Interpolating manifolds for knots, preprint, 2000.
http://www.komazawa-u.ac.jp/“w3c/

lecture/topology/pdf/inter.pdf



(e) DODDOO

— Theorem (Culler-Gordon-Luecke-Shalen) —

r € BK = either

1. K(r) is a Haken manifold, or

2. K(r) is a connected sum of two lens
spaces, or

3. E(K) contains a closed incompressible
surface which remains incompressible in
K (s) whenever A(r,s) > 1, or

4. E(K) fibers over S1 with fiber a planar
surface having boundary slope r.

Corollary (Culler-Gordon-Luecke-Shalen)
oo € BK = K isnot small, i.e. E(K) contains
an essential closed surface.

M. Culler, C. McA. Gordon, J. Luecke, and P. B. Shalen, Dehn
surgery on knots, Ann. of Math. 125 (1987) 237-300.



Example. Tangle decomposing spherel] O Es-
sential closed surfaceldd OO OO

Bib
[

@7 2R
e > /( i
u\/ &

) O

SigU OO0 trefoilll DD OO0OOOOOOOONOMOO
OO0 trefoilD 00000 Otangle0 00000000

00000 tangleO freel O O OstringsO 00O O
0000 free groupdd 00 Otangled OO0 OO0 OO

000000 essential closed surfacedd OO0
OO00dd



000000 tangled O tubingOD OO OOOO Oun-
knotted stringd OO0 tubing O O OO Ocom-
pressible0 0000 0000 Oknotted string OO
O tubing O OO

00000 Operipheral torus) tangle decompos-
ing sphere] 0 HakensumUO 4O OOOOO0OooO0ogd O
boundary paralleld annulustO O 0O O 0O O



sphered tubingd O torusO OO O 0O OO OknotO
O0000000000 tubingODOOOOOOOOO
tubingO OO0 OODO tangled O tubing O 0O OO
compressibleD 00000000 OOOO tangleO
000 tubingO OO O



- Theorem (W. Menasco) ~
alternating linkd Conway sphered [

(i) visibleO OO OO

(ii) hidden

OO0 0O@GH)ODOD00O OisotopyO visibled iiidd O O
\D ]

(iii)

W. Menasco, Closed incompressible surfaces in alternating knot

and link complements, Topology 23 (1984) 37-44.

M. B. Thistlethwaite, On the algebraic part of an alternating link,
Pacific J. Math. 151 (1991) 317-333




- Theorem (M. Ozawa) N

Let L be a knot or link in S3 which is con-
tained in a genus two Heegaard surface F
of S3. Suppose there exists a 2-sphere S in
S3 which gives an essential 2-string tangle
decomposition of the pair (S3,L) and inter-
sects all components of L. Then there is an
isotopy rel.L of S which makes S intersect F
Kin a single simple closed curve.

Corollary (M. Ozawa)
Hyperbolic double torus knots are 2-string
prime.

M. Ozawa, Tangle decompositions of double torus knots and links,

J. Knot Theory Ramifications 8 (1999), no. 7, 931-939.



torus knot, 2-bridge knot, Montesinos knot
with length three O smallOU0O0OOO0O O00OO nO
00 O n-string primel 0O 0O O

Theorem (Gordon and Reid)
Tunnel number one knots are n-string prime
for all n.

C. McA. Gordon and A. W. Reid, Tangle decompositions of tunnel
number one knots and links, J. Knot Theory and its Ramification

4 (1995) 389-4009.

Theorem (M. Ozawa)
Free genus one knots are n-string prime for
all n.

(with Hiroshi Matsuda) Free genus one knots do not admit essential
tangle decompositions, J. Knot Theory Ramifications 7 (1998), no.

7, 945—-953.



- Theorem (A. Thompson) N
Let K be a knot in thin position. Then
e K is also in a bridge position or
e K admits an essential tangle decomposi-
tion.

A. Thompson, Thin position and bridge number for knots in the

3-sphere, Topology 36 (1997) 505-507.

Corollary
Thin position for a tunnel number one knot
or free genus one knot is a bridge position.




Theorem (Y.-Q. Wu)
[Thinnest level sphere is essential. ]

Y.-Q. Wu, Thin position and essential planar surfaces, Proc. Amer.

Math. Soc. 132 (2004), 3417-3421.

- Definition ~
A two-sided surface F' in a 3-manifold is

strongly compressible if there exist two
compressing disks in both sides of F' which
are disjoint, and weakly incompressible if it
IS not strongy compressible.

Theorem (M. Tomova)
Second thinnest level sphere is weakly incom-
pressible.

M. Tomova, Compressing thin spheres in the complement of a link,

math.GT /0404282, 2004.



—— Theorem (Scharlemann and Tomova) —
Suppose a link K in a 3-manifold M is in
bridge position with respect to two different
bridge surfaces P and ), both of which are
c-weakly incompressible. Then either

e P and (Q can be isotoped so that P N
() consists of essential loops on both
surfaces, or

e K is a Conway product so that it nat-
urally decomposes both P and @ into
bridge surfaces for the respective factor
link(s).

- r ~ s \ / pl
t’(/

M. Scharlemann, M. Tomova, Conway products and links with mul-

tiple bridge surfaces, math.GT /0608435, 2006.



~ Theorem (C. McA. Gordon and J. Luecke) ~

w(K)=10000000000000000KO
00000 crossing changell O essential torus
[0 essential Conway sphereJ D00 O0OOOO
KD 000

/

C. McA. Gordon and J. Luecke, Knots with Unknotting Number 1

and Essential Conway Spheres, math.GT /0601265, 2006.



~ Theorem (Jaco, Rubinstein and Sedgwick) ~
Given a link-manifold there is an algorithm
to decide if it contains a properly embedded,
essential, planar surface; if it does, the algo-
\rithm will construct one.

W. Jaco, J. H. Rubinstein and E. Sedgwick, Finding planar surfaces

in knot- and link-manifolds, math.GT /0608700, 2006.



(f) DehnO O

— Theorem (Wallace, Lickorish) ———
Every closed, orientable, connected 3-
manifold may be obtained by surgery on a
link in S3.

Moreover, one may always find such a
surgery presentation in which the surgery co-
efficients are all £1 and the individual com-
ponents of the link are unknotted.

Glue up along1x S

Cut and twist

A. D. Wallace, Modifications and cobounding manifolds, Can. J.

Math. 12 (1960) 503-528.

W. B. R. Lickorish, A representation of orientable combinatorial

3-manifolds, Ann. of Math. 76 (1962) 531-538.



Essential S2 c K(r)

- Cabling Conjecture ~

Dehn surgery on a nontrivial knot K in S3
yields a reducible manifold only when K is
a nontrivial cabled knot. Furthermore, only
pg-Dehn surgery on a nontrivial (p, g)-cabled
Kknot yields a reducible manifold.

The Conjecture is True for ...

[0 Composite knots - Gordon

[0 2-Bridge knots - Hatcher, Thurston

[1 Satellite knots - Scharlemann

[0 Strongly invertible knots - Eudave-Munoz

[0 Alternating knots - Menasco, Thistlethwaite
[0 Arborescent knots - Wu

O Symmetric knots - Luft, Zhang, Hayashi,
Shimokawa, Motegi, Gordon, Luecke

[0 3,4,5-Bridge knots - Hoffman




Essential 72 c K(r)

——— Theorem (Gordon and Luecke) ———
The hyperbolic knots with non-integral
toroidal Dehn surgeries are precisely the

\Eudave—l\/luﬁoz knots k(l, m,n,p)
J

M. Eudave-Munoz, Non-hyperbolic manifolds obtained by Dehn
surgery on hyperbolic knots, in Geometric Topology, W.H. Kazez,
ed., Studies in Advanced Mathematics Vol. 2.1, American Mathe-

matical Society and International Press, 1997, pp. 35-61.

C. McA. Gordon and J. Luecke, Non-integral toroidal Dehn surg-
eries, Comm. Anal. Geom. 12 (2004) 417-485.



Heegaard S? C K(r)

Theorem (Gordon-Luecke)
For a non-trivial knot K and r #* oo,
K(r) # 83.

C. McA. Gordon and J. Luecke, Knots are determined by their
complements, J. Amer. Math. Soc. 2 (1989) 371-415.

Property P (Kronheimer-Mrowka)
For a non-trivial knot K and r # oo,

w1 (K (r)) # m1(53).

P. Kronheimer and T. Mrowka, Witten’' s conjecture and property

P, Geom. Topol. 8 (2004) 295-310.



Heegaard 72 C K(r)

Property R (Gabai)
For a non-trivial knot K and r # oo,
K(r) # 52 x St

D. Gabai, Foliations and the topology of 3-manifolds III, J. Differ-
ential Geom. 26 (1987) 479-536.

- Berge Conjecture ~
If a non-trivial Dehn surgery yields a lens
space, then K is a doubly primitive knot and

Kthe surgery slope is the surface slope.

J. Berge, Some knots with surgeries yielding lens spaces, (1995)

unpublished manuscript.



—— Generalized Berge Conjecture ————
If 1 < g(K(r)) < t(K) +1 , then there
exists a genus t(K) + 1 Heegaard splitting
(F;V,W) of 83 such that K C F, K is primi-
tive/primitive with respect to F, and r is the
surface slope of K with respect to F'. More-

\over, g(K(r)) =t(K). )

M. Ozawa, Interpolating manifolds for knots, preprint, 2000.
http://www.komazawa-u.ac.jp/“w3c/

lecture/topology/pdf/inter.pdf

- Theorem (Y. Rieck) N
For all but finitely many manifolds M re-
sulting from the filling of an incompressible
boundary component of an acylindrical man-

ifold X2 g(X) —1 < g(M) < g(X)

J

Y. Rieck, Heegaard structures of manifolds in the Dehn filling space,

Topology 39 (2000) 619-641.



Theorem (Morgan-Tian)
An orientable closed 3-manifold with a finite
cyclic fundamental group is a lens space.

J. W. Morgan and G. Tian, Ricci Flow and the Poincaré Conjecture,

math.DG/0607607, 2006.

Theorem (Y. Ni)

If a knot in S3 admits a lens space surgery,
then the knot is fibred.

Y. Ni, Knot Floer homology  detects fibred knots,
math.GT /0607156, 2006.

- Theorem (K-M-0O-S) N
Let U denote the unknot in S3, and let K
be any knot. If there is an orientation-
preserving diffeomorphism S3(K) & S3(U)

kfor some rational number r, then K = U.
4

Peter Kronheimer, Tomasz Mrowka, Peter Ozsvath, Zoltan Szabd,

Monopoles and lens space surgeries, math.GT /0310164, 2003.



3. Morsel 00 Heegaard [

- Theorem (Morse)
M : m-manifold

Vg: M — R : smooth function
1 f: M — R arbitrarily close to g: M — R
s.t. every critical point p; of f is non-

2
T (o) # 0.

degenerate (i.e. det(a

Moreover, we can choose a local coordinate
system (Xq,...,Xm) about p; s.t.

f=—X%—---—X§+X§+1—I—---—I—X%—I—ci,

where ¢; = f(pz)

f is called a Morse function on M,
A is called the index of p;.



Put M; = {p € M|f(p) < t}.

- Theorem (Morse) ~
M. 4 is diffeomorphic to the manifold ob-
tained by attaching a A-handle to M., . :

Me ye 2 Me,—c U (D x D7)
N

FIGURE 3.4. A 1-handle Ficure 3.5. A 2-handle



- Theorem (Heegaard) N
VM : closed orientable 3-manifold

df : M — R : Morse function

s.t. the corresponding handle decomposition
has such an order .

M=h'U(hlU---Uh{)U(RTU---UAZ) URS.
- J

FIGURE 5.11. A handlebody of genus k and its meridians

MO 200 handlebody Hy = kU (Rl U---UhL)
0 Hpy = (h$U---UhAZ)UR300000 Heegaard
0o0o0od0dS=H{NHyO HeegaardU OO O 00



—— Definition (Casson and Gordon) ———
A Heegaard splitting Hq1 Ug Ho is weakly re-
ducible if there are essential disks D; C H;

Kso that 0D1 and 0D, are disjoint in S.

o,
/@\\/

/\U/ 5\// //

Remarks:

1. J00dooooooooobooooooo Dby
0000 2-handled] DO 00000 1-handled O O
Jodooooooboooooooooood

2. reducible = weakly reducible

3. weakly reducible O OO Heegaard O O [
strongly irreducible] 00 OO

A. Casson and C. McA. Gordon, Reducing Heegaard splittings,
Topology and its applications, 27 (1987) 275-283.



weakly reducible Heegaard OO0 0O O0O0O0 O O O
DJo0o0o00oooooooooothinOOOOooooao
00000

M=hr'U(hiu---Uhi)Ug (h3U---URZ) UA3
!
M ={hPU(hiuU---Uhi_;)Uh?%}
Ug {hf U (h5U---UhZ) UhL3}
:M]_US/MQ




S’ . obtained by compressing along D7 and Do
S; . obtained by compressing along D;

Hqq = Hq — N(Dl) . handlebody

Hi> =2 (8" x I)UN(D5) : compression body
Hoo = Ho — N(DQ) . handlebody

Ho1 2 (S"xI)UN(Dy) : compression body

Vo
H22 82
HZl S’
12
S

Ty

untelescoping



oo iM; = Hy;Ug, Hipll Heegaard U000
O0O0M = MuM,O000000000000Ohandle
O00000000000 untelescopingl] [0 O 00O
O OMUO MO M-,UOO amalgamation 0O 0O OO
Ooooond

MO handle OO 0O width OO S; 0000000
widthO O OO OO0 MO thin position O 0O 0

— Theorem (Scharlemann and Thompson) —
M = (Hy11Ug, H12) Up, -+ - UR, (Hp1 Ug, Hi2)
[0 thin positionO O 0O O

1. O F;0 incompressible

2. 0 Heegaard U0 Hjq Us; H;>U strongly ir-

reducible
\_ J

M. Scharlemann and A. Thompson, Thin position for 3-manifolds,

Contemporary Math. 164 (1994) 231-238.



Casson-Gordonl Scharlemann-Thompson O O
000000000000 o0oooo

- Tomova N
If H is a c-strongly compressible bridge sur-

face for a link K contained in a closed ori-
entable irreducible 3-manifold M then one of
the following is satisfied:

e H is stabilized

e H is meridionally stabilized

e H is perturbed

e a component of K is removable

e M contains an essential meridional sur-

face.

Maggy Tomova, Thin position for knots in a 3-manifold,

math.GT /0609674

Chuichiro Hayashi and Koya Shimokawa, Thin position of a pair (3-
manifold, 1-submanifold), Pacific J. Math., 197 (2001) 301-324.



Morsell OO HeegaardO OO OO OO O

e Rubinstein-Scharlemann’s graphic
H. Rubinstein and M. Scharlemann, Comparing Heegaard
splittings of non-Haken 3- manifolds, Topology 35 (1996)
1005-1026.

e Hempel's curve complex
John Hempel, 3-Manifolds As Viewed From The Curve Com-
plex, math.GT /9712220

e Ozsvath-Szabd’s Heegaard Floer homol-
ogy
Peter Ozsvath, Zoltan Szabo, Holomorphic disks and topo-
logical invariants for closed three-manifolds, Ann. of Math.

(2), 159(3):1027-1158, 2004.



S3DDDDDKDDDDI\/IorseDDfDDDDDDD
ogooo

~ Classification of Morse function on (S3, K) ~

1. S300 MorseO OO OODDOOO
(a) f:83 >R
(b) f:83—-A—s1

2. E(K)OOMorse0 DO OO0OOOO
(c) f:E(K)—R
(d) f:E(K) — St

Do doodoondn
(a) Thin position
(b) Braid presentation

(c) Unknotting tunnel (Heegaard splitting of
knot exterior)

(d) Fibered knot (Circle valued Morse theory)



(a) Thin position
f:83 >R s.t. flgO Morsed O

c1 <cp<---<cp O flO critical values
c; <ri <ciy1 - flgO regular value

w(f) =Y1K N fH(r)

0 f0 KOOOOwidthO OO0
w(K) = min{w(f)}

0K O widthOOO0O

w(K)OOOO KOOOO thin position 0000



- Lemma 4.4 (Gabai) N

K O thin position 0000000

P C E(K) : surface with non-meridional
boundary slope

= dQ C E(K) : level planar surface

s.t. arc component of QN P is essential in P
00O PO O-incompressibled resp. incompress-
ibleO0O OO OPNE OO arc resp. loopd OO
\D QO essentiallO0O0OO

OO0000000000000000b00O00o0oon
00 00 Onon-meridionally boundaryd OO OO0 O
000 levelsurfaceD OO0 OO OO0OOOO0OOOO
000000

D. Gabai, Foliations and the topology of 3-manifolds. 111, J. Dif-
ferential Geometry 26 (1987) 479-536.




— Proposition 1 (Gordon-Luecke) ———

K C S3: non-trivial knot

K(r) (r #~) =2 583 (v : meridional slope)

= dP, Q C E(K) : planar surfaces s.t.

(i) OP O resp. 0QUOO =« resp. vO0O parallel
copiesd OO 0O

(ii) PO QULOOOOOOOOoPOOODOO 0Q
00000 A(r,y)000DOO0OO

(iii) PN@Q OarcOOO0OPODO QOO essential

O 000
N J

Gordon-LueckeO OO O OOO0O0 POQUOOOOOO
00000 0Q0 thin positiond OO O level sphere
000000O0K(m)d lens spaceld connected sum-
mand0 0000000000000 OOOOO0OS3
00 non-trivial knot non-trivial Dehn surgery
000S30000000000000000nonoon
O0000

C. McA. Gordon and J. Luecke, Knots are determined by their
complements, J. Amer. Math. Soc. 2 (1989) 371-415.



Thompson OO OO OOOOOOOOOOOOO
00 thin positiond bridge positionl 00O 0O OO
Oo0oooogno

- Theorem 1 (Thompson) N

K O thin position0 00000 OOOO0O0OOOO

Dooododond

(1) E(K) 00 meridional boundaryd OO es-
sential planar surfacel DO OO M OOOO
KiOdooodooooao

K(2) K 0O f0000 bridge positionO OO0

/

A. Thompson, Thin position and bridge number for knots in the

3-sphere, Topology 36 (1997) 505-507.



WullBachmanOTomoval O Thompsond OO
OO0o0o0o0don

- Theorem (Wu) N
If a link is in thin position but not bridge
position then a thinnest level surface is es-

\sential.

J

Ying-Qing Wu, Thin position and essential planar surfaces, Proc.

Amer. Math. Soc. 132 (2004), 3417-3421.

- Theorem (Bachman) N
If a knot or link has n thin levels when put
in thin position then its exterior contains a
collection of n disjoint, non-parallel, planar,

Kmeridional, essential surfaces.

/

David Bachman, Non-parallel essential surfaces in knot comple-

ments, math.GT /0302272, 2003.

Maggy Tomova, Compressing thin spheres in the complement of a

link, math.GT /0404282, 2004.



width Ok-widthO OO OO O OO0

1-widthO 00 00O widthOD OO O Oz0000000
oo Kooooooooooooooo
oot Kbooooooodoooooogd

2-widthO UzyUO OO OO0 000000 KOODOO
ooooogogn

3-widthO D00 0000 KODOoDoooooooo
HREEN

A-widthO 0000000000 KOoooooood
Jooood

Joel Hass, J. Hyam Rubinstein, Abigail Thompson, Knots & k-
width, math.GT /0604256



Theorem (Hass-Rubinstein-Thompson)
For any constant n, only finitely many knots
in R3 have 2-width less than or equal to n.

Theorem (Hass-Rubinstein-Thompson)
The only knots with 2-width less than or
equal to 10 are the trefoil and the unknot.

Theorem (Hass-Rubinstein-Thompson)
Ghe (2,n)-torus knot K has 2-width 2n—|—44.j

~— Theorem (Hass-Rubinstein-Thompson) —

If v is a C? curve immersed in the plane with

total curvature z then w(vy) > Cx2/3, where
C =1/(2r)?/3.

N




(b) Braid presentation

fr883-—A—g5t
s.t. f, flxg00ODO critical valueD OO OO

A axisd KOOUOOOO unknotted loop
H = |JH, : fibration on S3— A
F' : surface spaned by K

(a) closed 3-braid representative
of the Figure 8 knot



PN

(N

=

(

.
Mi)

Mii)

Niii)

Niv)

Markov surface
A intersects F' transversally in a finite set

of points pq,...,pr which we will refer to
as "vertices.” There is a neighborhood
on F' of each vertex which is foliated ra-
dially.

All but finitely many fibers Hy of H meet
F', transversally, and those which do not
(the singular fibers) are each tangent to
F' at exactly one point in the interior of
both F' and Hy. Moreover, the tangen-
cies are assumed to be either local max-
ima or minima or saddle points.

There are no simple closed curves in the
foliation of F. If Hpy is a non-singular
fiber, then each component of HyN F' is
an arc.

An arc of intersection of F with a non-
singular fiber of H never has both of its
endpoints on K.

~




It follows from (Miv) that the arcs in F'n Hy
for non-singular Hy are restricted to two types:

a-arcs: one endpoint is on A and the other is
on K,

b-arcs: both endpoints are on A,

\¥

Pg is a vertex of type aa

(Mv) Every b-arc in the foliation is essential.

(Mvi) No component of F is trivially foliated.
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Joan S. Birman and William W. Menasco

Studying links via closed braids I. A finiteness theorem, Pacific

Journal of Mathematics 134 (1992), 17-36.

Studying links via closed braids II:. On a theorem of Bennequin,

Topology and its Applications 140 (1991), 71-82.

Studying links via closed braids III: Classifying links that are closed
3-braids, Pacific Journal of Mathematics 161 (1993), 25-115.

Studying links via closed braids IV: composite and split links, Invent.
math. 102 (1990), 115-139. (Erratum, Inv. math. 160, No. 2
(2005), 447-452.)

Studying links via closed braids V: the unlink, Trans. AMS 326,
No. 2 (1992), 585-606.

Studying links via closed braids VI: a non-finiteness theorem, Pacific

Journal of Mathematics, 156, No. 2 (1992), 265-285.



(c) Unknotting tunnel (Heegaard splitting of
knot exterior)

f:E(K)— R : Morsed I
~ : unknotting tunnel i.e. E(K) — intN(~y)O
handlebody




KO tunnelll n

«<— FE(K)OOOn+ 10 HeegaardO OO OO
= m(E(K)) =< :I]l,...,xn_|_1|R1,...,Rn>
= m(E(K))OrankOn4+ 100

00 0rank(r1(E(K))) < g(E(K)) =t(K) +1

Problem
[mnk(m(E(K))) = g(E(K))~ ]

Yoav Moriah, Heegaard splittings of  knot exteriors,

math.GT /0608137



tunnel number one knotl thin position

- Theorem (Thompson) N
If E(K) does not have any essential merid-
ional planar surface, then any thin position
of K is a minimal bridge position of K and

Kvice versa.

A. Thompson, Thin position and bridge number for knots in the

3-sphere, Topology, 36 (1997) 505-507

- Theorem (Gordon-Reid) N

Let K C S3 have tunnel number 1. Then
FE(K) does not have an essential meridional
kplanar surface.

C. McA. Gordon, A. Reid, Tangle decompositions of tunnel number
one knots and links, J. Knot Theory and its Rami. 4 (1995) 389-
409



Theorem (Kobayashi)
Any unknotting tunnel for a 2-bridge knot is
one of 6 known types.

T. Kobayashi, Classification of unknotting tunnels for two bridge
knots, from: “Proceedings of the 1998 Kirbyfest”, Geometry and
Topology Monographs, 2 (1999) 259-290.

- Theorem (Morimoto) N
If an unknotting tunnel for a 2-bridge knot
can be put into a level sphere, then it is one

kof the 6 known types.

K. Morimoto, A note on unknotting tunnels for 2-bridge knots,
Bulletin of Faculty of Engineering Takushoku University, 3 (1992)
219-225




~ Theorem (Goda-Scharlemann-Thompson) ~

If K ¢ S3 is a tunnel number one knot in
minimal bridge position and ~ is a tunnel for
K, then ~ may be slid and isotoped to lie

kentirely in a level sphere for K.
J

Hiroshi Goda, Martin Scharlemann, Abigail Thompson, Levelling
an unknotting tunnel, Geometry & Topology, Volume 4 (2000)
243-275. math.GT /9910099

Problem
000 Dunknotting tunnel system thin posi-

tionODOODOOOOO




(d) Fibered knot (Circle valued Morse theory)

f:E(K)— S!: MorseO O
c e Sl : regular value of f
F = f~1(¢) : Seifert surface




Morse-Novikov nhumber
M N(K) = min{critical points|f : S3— K — S1}
MN(K) =0 <= K is a fibered knot

Question (Hirasawa-Rudolph)
Does there exist a knot K with MN(K) >
2q9(K)7?

Mikami Hirasawa, Lee Rudolph, Constructions of Morse maps for
knots and links, and upper bounds on the Morse-Novikov number,

math.GT /0311134

— ) L
v v v/
Vi v Vi
n n n
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i HT HI

[knotted parallel 2-string tangle}

Jooodooddoodoodd



Remark.

o0 ou rFO0ddoododdMorsetdd U

£ E(K) —intN(F) — R

Joooodd



4. Diagram

c-adequate & c-homogeneous

algebraic semi-adequate homogeneous
adequate
Montesinos alternating positive
pretzel 2-bridge torus
\

& 43 ®
\ \ e
|

O




Determining Problem
D000 KOOOUOOKOOOooopooooooo
O O

e sSplittability

e triviality

e primeness

e fiberness

e tangle decomposition

e closed incompressible surface



Alternating knot

Positive knot

K K., AR
Di ﬂ'
: m Sl
I-"rl [;I]-




c-adequate & o-homogeneous

diagram state loops G -state surface



